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Closed-Loop Identi� cation of Flexible Structures:
An Experimental Example

Roy S. Smith¤

University of California, Santa Barbara, Santa Barbara, California 93106

The application of a closed-loop identi� cation procedure to a � exible structure, the Jet Propulsion Laboratory
Control Structure Interaction Phase B testbed, is described. The approach is based on an indirect, closed-loop
identi� cation procedure, recently developed by Van den Hof and Schrama (Van den Hof, P. M., and Schrama, R.
J., “An Indirect Method for Transfer Function Estimation from Closed-Loop Data,” Automatica, Vol. 29, No. 6,
1993,pp.1523–1527), which gives a consistent model estimate in the case where the system noise/outputdisturbance
model is not accurate. The procedure is modi� ed and applied, in the frequency domain, to closed-loop data from
a � exible structure control experiment. The results of the analysis are compared to a purely open-loop frequency-
domain identi� cation approach. Enhancements to the experimental con� guration are also discussed.

I. Introduction

F EEDBACK control for active vibration suppression is an area
of signi� cant importance to large spaceborne structures. The

majorityof controldesign techniquesapplied to this problemrequire
a mathematical model of the system, compatible with the proposed
design methodology.The identi� cation of such models has been an
area of active research interest within the � exible structure control
design community. This paper examines a closed-loop approach to
this problem, using frequency-domaindata.

Several identi� cation approaches have received widespread at-
tention, and for the most part, these are open-loop techniques. The
eigensystem realization algorithm (ERA)1 has successfully been
applied to the identi� cation of � exible structures.2;3 This algorithm
also forms the basis of a number of related approaches (see, for
example, Refs. 4–8). The ERA approach has also been combined
with minimum modelerrormethods.9;10 These methodsuse impulse
response or free-decay data and, with a suf� ciently rich excitation
signal, can also be applied to frequency-domaindata. A more direct
time-domain approach is used by the observer/Kalman � lter identi-
� cation (OKID) algorithms (see Refs. 11 and 12 for further details).
Much of the ERA-based work is detailed by Juang.13

The q-Markov cover approach has also been successfully ap-
plied to � exible structure systems (see Refs. 14–16 for algorithmic
details and Refs. 17 and 18 for application to the Mini–Mast and
Hubble space telescope problems). The ERA and q-Markov cover
approachesare compared on a simulated � exible structure problem
in Ref. 19. Other open-loop methods are discussed in Refs. 20–22.
This research area is of considerable importance and the preceding
discussion is by no means exhaustive.

There has been an increase in research interest in closed-loop
identi� cation of models for control design purposes.There are sev-
eral reasonsfor this. In some cases a controlleris requiredto actually
carry out the experiments. Open-loop unstable systems are one ex-
ample, although these do not typically occur in � exible structure
vibration suppression problems.

There has been recent work on the iterative application of iden-
ti� cation and control design methods. These approaches have at-
tempted to systematically use the controller to obtain additional,
control-relevant information about the system. The ability to iden-
tify a system in closed-loopoperation is an integral part of any such
scheme. The reader is referred to Refs. 23–25 and the references
therein for additional details. It is also possible that identi� cation
under closed-loopoperation gives a model that is more relevant for
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control design purposes than one obtained via open-loop methods.
This issue is addressedfurther in the discussionsectionof this paper.

Closed-loop identi� cation has also attracted interest within the
� exible structure research community. Previous work has looked
at adaptive identi� cation (for example, Ref. 26) and at approaches
involving the use of experimentdesign basedon previousdata.5;27;28

The work described in Refs. 29–31 studies iterative identi� cation
and design methods in the frequency domain. The OKID approach
has recently been extended to the closed-loop case in Refs. 32 and
33. The point is made in this work32;33 that the characteristicsof the
noise strongly affect the result.

The approach taken here is motivated by that of Van den Hof
and Schrama.34 This is an indirect, two-step method that alleviates
the noise sensitivity problems mentioned earlier. Their work34 is
brie� y summarized here. The principles of this method are applied
to closed-loopfrequencydomain data from the Jet Propulsion Lab-
oratory (JPL) Control Structure Interaction (CSI) Phase B � exible
structure.Comparison is made between the results of the open-loop
and closed-loop identi� cation techniques.

The paper is arranged as follows. An outline of the theoretical
identi� cation procedure is given in Sec. II. This is applied to the
JPL CSI Phase B structural identi� cation problem in Sec. III. The
con� gurationused was such that a mixtureof open- and closed-loop
data was required to obtain estimated transfer functions.Section IV
presents the results and compares them to the purely open-loop
identi� cationprocedures.Section V discusses the con� gurationand
experiments required to obtain a system model from purely closed-
loopexperiments.A briefsummaryandspeculationson thepotential
bene� ts of closed-loop identi� cation are given in Sec. VI.

II. Closed-Loop Identi� cation Approach
Vanden Hof andSchrama34 considerthe identi� cationof the plant

G0 in the closed-loop con� guration shown in Fig. 1. The signal
n D H0.z¡1/e is the noise process, with the usual assumptions;
H0.z¡1/ is stable and stably invertible, and e is a zero mean unit
variance white noise signal.

They34 make the point that the output is given by

y D G0.z¡1/u C H0.z
¡1/e (1)

but any open-loop technique used to estimate G0.z¡1/ will give
a noise-dependent bias error as u is not uncorrelated with e. The
consequences of applying open-loop methods to closed-loop data
are discussed in greater detail at the end of this section.

By de� ning the sensitivity function,

S0.z¡1/ D 1

1 C G0.z¡1/C.z¡1/
(2)
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Fig. 1 Closed-loop system for identi� cation: con� guration of Van den
Hof and Schrama.34

the system equations can be rewritten as

u D S0.z¡1/r ¡ C.z¡1/S0.z
¡1/H0.z¡1/e (3)

and

y D G0.z¡1/S0.z¡1/r C H0.z¡1/e (4)

Note that r and e are uncorrelated and S0.z¡1/ can, therefore, be
estimated by measuring u and r . Standard open-loop identi� ca-
tion techniques can be applied to this problem (see, for example,
Ljung35 ). Now de� ne the � ctitious signal

ur :D S0.z¡1/r (5)

and note that

y D G0.z
¡1/ur C S0.z¡1/H0.z¡1/e (6)

Clearly, ur is also independentof e and this equation can be used to
estimateG0.z¡1/. In practice,onlyan estimateof ur can be obtained.
The method consists of a two-step procedure.

1) Estimate S0.z¡1/ from r and u and calculatean estimate of ur .
2) Estimate G0.z¡1/ from y and the estimate of ur .
Van den Hof and Schrama34 show that if S0.z¡1/ can be estimated

accurately, then G0.z¡1/ can also be estimated accurately. There
is no requirement for exact (or consistent) estimation of S0.z¡1/.
More precisely, they34 employ a prediction error approach where a
noise model, H .z¡1/ is speci� ed. It is not necessary that the model
H .z¡1/ closely approximate the true noise � lter H0.z¡1/ and, as is
typically done in the open-loopcase, H .z¡1/ can include frequency
weightingpre� lters.The plantmodel is parameterizedby G.z¡1; µ /
and the sensitivity function is parameterized by S.z¡1; ¯/. A � xed
noise model, including any pre� ltering and denoted by R.z¡1/, is
assumed for the identi� cation of S.z¡1/.

Under weak conditions (as speci� ed by Ljung,35 p. 210), as the
length of the time record approaches in� nity, a prediction error
scheme will give µ ! µ¤ , where

µ¤ D arg min
µ

¼

¡¼

G0.e j!/S0.e j!/

¡ G.e j!; µ/S.e j!; ¯¤/
2 Ãr .!/

jH .e j!/j2
d! (7)

Here Ãr .!/ is the spectrum of r and ¯¤ arises from the estimation
of S0.z¡1/. More precisely,

¯¤ D arg min
¯

¼

¡¼

S0.e j!/ ¡ S.e j!; ¯/
2 Ãr .!/

jR.e j!/j2
d! (8)

The effect of the estimationof S0.z¡1/ on the � nal result can be seen
by noting that

G0.e
j!/S0.e

j!/ ¡ G.e j!; µ/S.e j!; ¯¤/

D G0.e j!/ ¡ G.e j!; µ/ S0.e
j!/

C G.e j!; µ/ S0.e j!/ ¡ S.e j!; ¯¤/ (9)

Therefore, if the error in estimating S0.e j!/ is small, it will have
limited effect on the error in estimating G0.e j!/. Note that there

is no penalty in estimating S0.z¡1/ with a very high-order model;
it is only used to calculate ur and does not affect the order of the
G0.z¡1/ model.

It is interestingto compare the precedingtwo-stagemethod to the
more common approach of using a predictionerror scheme directly
on the closed-loop data. In the open-loop case (C D 0) with a � xed
noise model, H .e j!/, a prediction error scheme will give µ ! µ¤,
where

µ¤ D arg min
µ

¼

¡¼

G0.e
j!/ ¡ G.e j!; µ/

2
Ãu.!/

1
jH .e j!/j2

d!

(10)
where Ãu.!/ is the spectrum of the input u.

If we now apply this approachwith closed-loopdata the estimate
will converge to

µ¤ D arg min
µ

¼

¡¼

².!/ d! (11)

where

².!/ D S0.e j!/ G0.e
j!/ ¡ G.e j!; µ/

2
Ãr .!/

C
S0.e j!/

2

jS.e j!; µ /j2
Ãn.!/

1
jH .e j!/j2

and Ãn.!/ D jH0.e j!/j2 is the spectrum of the noise signal, n. Both
the Van den Hof and Schrama34 two-stage method [see Eq. (7)]
and the direct prediction error method with closed-loop data [see
Eq. (11)] weight the plant model � t [G.e j!; µ/ ¡ G0.e j!/] by the
actual closed-loop sensitivity function. This is a consequence of
using closed-loop data rather than the particular method chosen.

Note, however, that in the direction prediction error approach
[Eq. (11)] µ¤ dependson the spectrumof the noise, Ãn.!/, resulting
in a noise-dependent bias error. Ljung36 points out that consistent
closed-loopestimatescanbeobtainedviapredictionerrormethodsif
a noisemodel is alsoconsistentlyidenti� ed.This is nota requirement
in the Van den Hof and Schrama34 approach.

III. Application to the Flexible Structure
The approach of the preceding section motivates the following

application to the structure. There are several differences, which
arise mostly from the form of the data. The work given here will be
concernedonly with obtainingsmoothed transfer functionestimates
in the frequencydomain. The subsequentstageof � tting state-space
realizations to the frequency-domaindata is discussed elsewhere.21

The experimental system is the JPL Phase B structure, which
was designed as an experimental testbed for studying the control–
structure interaction problems that are expected to arise in large
spaceborne optical telescopes. The structure is shown schemati-
cally in Fig. 2. It is approximately 8 ft tall and supports a moving
trolley, which is used for optical pathlength compensation. Hard-
ware details and initial modeling and identi� cation results can be
found in Refs. 37 and 38. The problem consideredhere is vibration
suppression in the truss structure itself. The control is actuated via
an active member (AM) in the lower corner of the truss. Control
measurements were taken from X and Y direction accelerometers
mounted on the trolley and collocated AM load and AM displace-
ment sensors. Disturbances were introduced into the system via a
shaker mounted at the top of the third truss bay. For identi� cation
purposes, the input to the shaker was also measured. The details
of the open-loop identi� cation procedure and controller design are
given in Ref. 39. The control design issues are beyond the scope of
this work and will not be discussed further here. Comparison will
be made with some of the open-loop identi� cation results.

The theoretical results given in the preceding section consider
only a single-input/single-output (SISO) system with time-domain
data. The system under considerationhere has two inputs and four
outputs. Furthermore, the control loop can only be closed around
one of the inputs (AM). The closed-loop con� guration is shown in
Fig. 3. The output y consists of the four measurements: X and Y
accelerations, AM load, and AM displacement. The measurement
noise is n and the shaker input is v. The actual controller (K2 in
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Fig. 2 Scheme of the JPL Phase B structure; AM denotes the active
member using for actuation and the collocated part of the sensing.

Fig. 3 Con� guration for closed loop experiments on the JPL CSI
Phase B testbed.

Ref. 39) used affects the quality of the result but does not change
the approach in general.

A Tektronix spectrum analyzer was used as the data collection
facility. This performed real-time averaging of the data to provide
an estimated transfer function at a grid of frequency points. Five
averages were used to give 1601 points of data over the range 15–

100 rad/s. In the experiment consideredhere, the analyzerprovided
the excitation to the shaker, v, and measured the four channels of
output data, y.

The equations of the system model, in terms of the open-loop
components, are given by

y D Pyvv C Pyu u C n (12)

u D Ky (13)

where y is a 4 £ 1 vector consisting of the X and Y accelerations
and the active member load and displacement measurements. The
objective will be to obtain a frequency-domainestimate of Pyu (the
open-loop transfer function from u to y) from closed-loop data.

The availabledata come from two experiments.The � rst involves
estimatingtheclosed-looptransferfunctionfromv to y: Tyv . This es-
timate, QTyv , comes directly from the spectrum analyzer. The second
experiment provides a closed-loop estimate of the transfer function
from u to y: Tyu . The estimate is QTyu . In this case the spectrum
analyzer again provided the excitation v to the shaker.

Note that, in the � rst experiment,

y D .I ¡ Pyu K/¡1Pyvv C .I ¡ Pyu K/¡1n (14)

y D Tyvv C .I ¡ Pyu K/¡1n (15)

and as v and n are uncorrelated, the spectrum analyzer gives an
estimate of Tyv .

In general, P will be used for an open-loop model and T will
be used for a closed-loop model. Note that Tyv and Tyu (and their

respectiveestimates) bear little resemblance to the open-looptrans-
fer functions Pyv and Pyu . This is because, as a result of the control
action, the inputsu and v are highly correlatedand the measurement
noise is now also correlated with u.

To use the Van den Hof and Schrama34 approach we must use
these data to estimate the appropriate sensitivity function. It will
be seen that to do this we require an experimental estimate of Tuv ,
the closed-loop transfer function between v and u. Manipulationof
Eqs. (12) and (13) shows that

Tuv D K.I ¡ Pyu K/¡1Pyv (16)

and

u D Tuvv C K.I ¡ Pyu K/¡1n (17)

Again, v and n are uncorrelated so this can be obtained from a
spectrum analyzer by measurement of u and v. The required data
are not available in this case, so an alternative approach is used.

Substituting Eq. (17) into Eq. (12) and comparing with Eq. (15)
shows that

Tyv D Pyv C Pyu Tuv (18)

A similar approach is used to determine Tyu . To proceed we must
assume that Tuv is invertible, at least on a frequency by frequency
basis. If Tuv is not invertible it means that there are signals at v
that cause no control action. Either these signals do not appear at
y, or there exist signals at y that cause no controller action. For
any strictly proper controller, this condition is, strictly speaking,
violated at in� nite frequency. It will be seen that this condition is
only required over a � nite frequency range.

Assuming that T ¡1
uv exists,multiplicationof Eq. (17) by T ¡1

uv leads
to the following expression for v:

v D T ¡1
uv u ¡ T ¡1

uv K.I ¡ Pyu K/¡1n (19)

Substituting this into Eq. (12) gives

y D Pyu C Pyv T ¡1
uv u C I ¡ Tyv T ¡1

uv .I ¡ Pyu K/¡1n (20)

Clearly, then,

Tyu D Pyu C Pyv T ¡1
uv

(21)

Combining Eqs. (21) and (18) leads to

Tyu Tuv D Tyv (22)

This can now be used to obtain an experimentallybased estimate of
Tuv .

Both Tyu and Tyv are 4 £ 1 columnvectors, for which experimen-
tal estimates QTyu and QTyv are available. We can now obtain an es-
timate of Tuv by solving

QTyu Tuv D QTyv (23)

Tuv is a SISO system and is, in general, overdetermined by this
equation.A least squares � t was used to estimate Tuv . This estimate
is QTuv and, for the experiment outlined in the subsequent section,
is shown in Fig. 4. Also shown are the four element by element
estimates. These are almost identical in the frequency range of the
lower modes of interest (30–80 rad/s).

The open-loop transfer functions of interest, Pyu and Pyv , are re-
lated to the closed-loop transfer functions Tyu and Tyv by Eqs. (21)
and (18). Even with an estimate of Tuv , there is insuf� cient infor-
mation to solve for Pyu and Pyv .

To alleviate this problem we will use an open-loop estimate for
Pyv , denoted by OPyv , and solve for Pyu via Eq. (21). Denote the re-
sultingestimateof Pyu by QPyu , which is givenby � ndinga solutionto

QPyu D QTyu ¡ OPyv
QT ¡1
uv

(24)

Note that Pyv could also have been estimated from the closed-loop
data and an open-loop estimate of Pyu .

The control loop is closed around Pyu , making the closed-loop
estimate of Pyu more appropriateto the control designproblem.The
experimental results of the next section use Eq. (24) to estimatePyu .
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Fig. 4 Element by element estimates of Tuv (¢ ¢ ¢ ¢ ¢ ) and least squares estimate ÄTuv (——).

Fig. 5 Estimates of Pyu (Y direction): closed loop, ÄPyu (——), and open loop, ÃPyu (– – –).

IV. Experimental Results
Experimental frequency-domain transfer function estimates QTyu

and QTyv were takenfor thePhaseB structureoperatingin closed loop.
The describedprocedurewas used to obtain the estimate QTuv (shown
in Fig. 4). The estimate of Pyu was obtained from an open-loop
estimate of Pyv and Eq. (24). The results are shown in Fig. 5. The
closed-loopestimate QPyu is compared to an open-loopestimate OPyu .
Only the Y direction is illustrated for clarity. The X direction esti-
mate is qualitatively similar. The AM load and AM displacement
estimates show signi� cantly greater agreement between the open-
and closed-loop estimates.

The � rst and third modes (34 and 75 rad/s) show very goodagree-
ment between the open- and closed-loop experiments. The second
mode (47 rad/s) shows signi� cantly less damping in the closed-
loop estimate. A similar effect was observed in other closed-loop
experiments; the closed-loop second mode damping was less than
predicted by the open-loop design models. This suggests that the

closed-loopestimate, given here, is a betterpredictorof closed-loop
performance.This issue is discussedfurther in the Conclusionssec-
tion.

The closed-loop experiment estimate QPyu differs signi� cantly in
the 80–100 rad/s region.This is more likely due to the effect of noise
on the signals used in the calculation than a different behavior in
closed loop. Note that the quality of the estimate QPyu dependson the
quality of the original open-loop estimate of Pyv . The noisy mode
appearing at approximately 30 rad/s is due to a local mode in the
shaker. This is probably an artifact that could be removed with the
improved experimental technique suggested next.

V. Augmented Con� guration
The preceding experimental analysis used a hybrid open- and

closed-loop approach. We now outline the experimental con� gura-
tion changes required to estimate all transfer functions from closed-
loop data.
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Fig. 6 Modi� ed closed-loop identi� cation con� guration for the JPL
CSI Phase B testbed.

Consider the inclusionof an additionalinputr , as shown in Fig. 6.
The inputs v and r are generated for the identi� cation experiments
and are required to be uncorrelated.

In this case the system equations are given by

y D Pyu u C Pyvv C n (25)

u D r C Ky (26)

Rearranging Eqs. (25) and (26) gives

u D Turr C Tuv v C .I ¡ KPyu /¡1Kn (27)

where

Tur :D .I ¡ KPyu /¡1 (28)

and

Tuv :D .I ¡ KPyu /¡1KPyv (29)

As r , v, and n are uncorrelated, an estimate of Tur , ( QTur ), can be
obtained from closed-loop experimental data.

Substituting Eq. (27) into Eq. (25) and rearranging leads to

y D .Pyv C Pyu Tuv/v C Pyu Tur r C .I C Pyu K/¡1n (30)

De� ne Tyr by

Tyr D Pyu Tur (31)

and note that an estimate of Tyr , ( QTyr ), can also be obtaineddirectly
from the closed-loop experimental data. Now Eq. (31) can be used
as the basis of the approach to estimate Pyu . To do this, use the
estimate QPyu that minimizes the error in the equation,

QTyr D QPyu
QTur (32)

Unlike the resultspresentedin theprecedingsection, there is no need
to use any open-loop data or model in the identi� cation procedure.
The estimate of Tur plays an analogous role to the estimate of the
sensitivity function, S0.e j!/, in Sec. II.

VI. Conclusions
We have addressed the issue of closed-loopidenti� cation of � ex-

ible structures in the frequency domain. It has been shown that the
effects of the correlationbetween the noise and the controlleroutput
can be effectively removed from the identi� cation problem. A hy-
brid approach, using an open-loop estimate of a part of the system,
has been applied to the closed-loop identi� cation of the JPL CSI
Phase B testbed.

This closed-loop estimate of the transfer function showed less
damping in one mode than that estimated from purely open-loop
data.This phenomenonwas also observed in other closed-loopcon-
trol experiments. This suggests, at least for this example, that the
closed-loopexperimentswere better in terms of giving a model that
more correctly predicted closed-loop behavior. There are several
possible reasons why this may be the case.

The � rst is that under reasonableclosed-loopoperation, the mag-
nitude of the system displacements are much smaller than they
would be in the case of an open-loop identi� cation experiment. If
amplitude-dependentnonlinearities(with effects that increase with

increasing amplitude) exist in the system, then closed-loop oper-
ation will exhibit less nonlinear behavior. This will give a more
accurate result for identi� cation schemes that yield linear models.

The second issue is that closed-loopoperation will automatically
bias the system at the desired closed-loop operating point. Again,
if the system has operating-point-dependent nonlinearities closed-
loop identi� cation will alleviate bias difference errors, which may
arise in open-loop identi� cation.

A linear analysis is unable to shed light on these issues as both
issues arise from nonlinear or unmodeled effects. This argues for
an experimental assessment of the pros and cons of closed-loop
identi� cation. Note also that both issues apply to models obtained
for the purpose of control system design.

We have also presentedan alternativeexperimentalcon� guration
that allows an open-loopmodel to be obtained entirely from closed-
loop experimental data. The experimental results presented suggest
that closed-loopexperimentscan give useful controldesign models.
The experimental assessment of this issue on � exible structures is
left for future work. Only a thorough assessment of closed-loop
performance, for a variety of controllers, will provide a practical
answer to the question of applicability of such procedures.
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